
Math 402 A Wednesday, October 26
Autumn 2016

Midterm

Name:

Student ID:

1 15
2 15

Total 30+5=35

• Please read this.
• You have 50 minutes.
• The test is open book, but please do not communicate with anyone during it (in class

or electronically).
• You can use any of the results in the textbook; not citing a theorem you’re using could

lose you points.
• Show all of your work and justify your answers unless instructed not to do so.
• The problems are ordered randomly; I’d maybe read all of them first to find the easiest

ones.
• Use the reverse side of each page for extra space and add paper of your own if you run

out.
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Problem 1. For any group G and element g ∈ G, define the subset

C(g) = {h ∈ G | hg = gh} ⊆ G.

Prove one of the following two statements (using anything up to and including Section 5).

Statement Let G be a group and g ∈ G an element. Then, C(g) is a subgroup of G.

Solution We want to apply Theorem 5.1: showing that C(g) is non-empty, closed under
products, and closed under taking inverses will do the job.

Non-empty: Sure, it contains e, since

eg = g = ge,

and hence e commutes with g.

Closed under multiplication: Take a, b ∈ C(g). This means (by definition) that

ag = ga and bg = gb.

This implies
(ab)g = a(bg) = a(gb) = (ag)b = (ga)b = g(ab),

so indeed the product ab also commutes with g and belongs to C(g).

Closed under taking inverses: Say a ∈ C(g), so that ag = ga. Multiplying this equation
by a−1 on both sides yields

ga−1 = a−1(ag)a−1 = a−1(ga)a−1 = a−1g,

so that a−1 also commutes with g and hence belongs to C(g). We are now done.
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Problem 1 (continued).

Statement Let G and H be two groups, and g ∈ G and h ∈ H two elements. Prove that
we have

C(g, h) = C(g)× C(h).

Here, C(g, h) means the construction C(•) from the previous page applied to the element
(g, h) ∈ G×H.

Solution We want to show that an arbitrary element (x, y) ∈ G×H belongs to C(g, h) if
and only if it belongs to C(g)× C(h) (or in other words, x ∈ C(g) and y ∈ C(h)). Let’s just
run through the definitions.

First, (x, y) ∈ C(g, h) if and only if we have

(x, y)(g, h) = (g, h)(x, y) ∈ G×H. (1)

But by the definition of the operation in G×H, the left hand side equals (xg, yh), while the
right hand side equals (gx, hy). So (1) reads

(xg, yh) = (gx, hy),

which in turn is equivalent to

xg = gx and yh = hy.

Finally, this means exactly that x ∈ C(g) and y ∈ C(h), as desired.
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Problem 2. Solve one of the following two problems.

Question Let n ≥ 2 be a positive integer, and x and y two elements of the symmetric
group Sn. Suppose y is even. Is xyx−1 even or odd?

You need to prove your answer.

Solution It was always even.
By Theorem 8.3, x can be written as a product of transpositions, say

x = (a1, b1) · · · (ak, bk).

But then we have
x−1 = (ak, bk) · · · (a1, b1)

(the indices go down this time). Now, since we are assuming y is even and hence a product
of 2r transpositions for some positive integer r, the product xyx−1 is a product of

k + 2r + k = 2(k + r)

transpositions. That’s an even number, so xyx−1 is an even permutation by definition.
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Problem 2 (continued).

Statement Remember that A4 denotes the group of even permutations of the set {1, 2, 3, 4}.
Show that the set

{x ∈ A4 | o(x) ≤ 2}
is a subgroup of A4 and determine its order.

Solution The order was 4.
Let S be the set described in the statement (all even permutations of {1, · · · , 4} of order

≤ 2). Pick an x ∈ S.
Since the order of an element of Sn is the least common multiple of the lengths of the cycles

in its disjoint cycle decomposition (Problem 8.10, which I said you could appeal to during
the test), the decomposition of x into disjoint cycles must consist either of transpositions or
singletons (i.e. cycles of length one, like say (1)).

Since x is in S4, its cycle decomposition can contain at most two transpositions. On the
other hand x can’t be a single transposition (because that’s an odd permutation, and hence
not in A4). So all in all, x must be one of

e, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3).

We’ve just shown that this is S: the four elements I’ve just listed. But now just check that
multiplying any two of the three non-trivial elements gives you the third one, as in

(1, 2)(3, 4) ◦ (1, 3)(2, 4) = (1, 4)(2, 3).

This implies that S is closed under multiplication. It’s also closed under taking inverses
(because each x ∈ S satisfies x2 = e so x = x−1) and non-empty. So it’s a subgroup by
Theorem 5.1.


