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INDECOMPOSABLE INJECTIVES

In class we proved the following result.

Proposition 1. Let R be a commutative noetherian ring. Then, every injective R-module J
decomposes as

J =
⊕
i

E(R/pi)

for primes pi ∈ Spec(R), where E(−) denotes injective hulls.

To complete that discussion, first remember that I only claimed that for a prime p the
injective hull E(R/p) is indecomposable, i.e. it doesn’t break up non-trivially as a direct sum.
Let’s prove that.

Proposition 2. Let R be a noetherian ring and p a prime ideal. Then, the injective hull
E(R/p) is indecomposable.

Proof. Suppose we have a direct sum decomposition

E(R/p) = J ⊕ J ′.

Suppose both J and J ′ are non-zero. Then, the fact that

R/p ⊆ E(R/p) (1)

is essential means that

I := J ∩ (R/p) 6= 0, I ′ := J ′ ∩ (R/p) 6= 0.

In other words, the domain R/p contains two non-zero ideals that intersect trivially. This is
not possible however: if 0 6= x ∈ I and similarly 0 6= x′ ∈ I ′ then 0 6= xx′ (because we’re in a
domain!) and xx′ ∈ I ∩ I ′.

We have our contradiction, so one of J and J ′ must have been zero. �

As a consequence, we have

Theorem 3. Let R be a noetherian commutative ring. The map

Spec(R) 3 p 7→ E(R/p)

is a bijection between the spectrum of R and the set of isomorphism classes of indecomposable
injectives.

Proof. Proposition 2 says that indeed E(R/p) are indecomposable, so the map has the right
codomain. We also know from Proposition 1 that no other injectives stand a chance of
being indecomposable, so we have a surjection (from the spectrum to the set of iso classes of
indecomposable injectives).

It remains to show that the map in question is an injection, i.e.

E(R/p) ∼= E(R/q)⇒ p = q. (2)

An isomorphism as on the left hand side of (2) would identify R/q with a non-zero sub-
module M ∼= R/q of E(R/p). Because (1) is essential, we have M ∩R/p 6= 0. Now,

R/p→ (R/p)p
1
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is one-to-one (being simply the inclusion map of a domain into its field of fractions), so
M ∩R/p is not annihilated by localization at p. But then

(R/q)p ∼= Mp 6= 0,

meaning that q ⊆ p.
We can reverse the roles of p and q to conclude that we also have q ⊇ p, concluding that

indeed p = q. �


