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MINIMAL PRIMES AND IRREDUCIBLE COMPONENTS

Let R be a commutative ring and pi, i ∈ I. The claim made in class was

Proposition 1. The sets V (pi) are exactly the irreducible components of Spec(R).

We’ll need some preparation. First, we have

Lemma 2. Let I E R be a radical ideal. If V (I) is irreducible then I is prime.

Proof. We prove the contrapositive: assuming I is not irreducible (i.e. it is reducible), we
argue that I cannot be prime.

Suppose I is not prime. Then, we can find a, b 6∈ I such that ab ∈ I. This means that
every prime that contains I also contains ab, and hence contains a or b. We thus have a
decomposition

V (I) = (V (I) ∩ V ((a))) ∪ (V (I) ∩ V ((b)))

of V (I) as a union of closed subsets. It remains to argue that these are both proper subsets
in order to conclude that V (I) is not irreducible. By symmetry, it suffices to show that
V (I) ∩ V ((a)) 6= V (I).

Note that

V (I) ∩ V ((a)) = V (I + (a)),

and the equality V (I) = V (I + (a)) would entail I ⊇ I + (a) because I is radical. But
this means that a ∈ I, contradicting our choice of a, b 6∈ I. This finishes the proof of the
lemma. �

Proof of Proposition 1. We have already seen that sets of the form V (p) for prime ideals p
are irreducible. It remains to show that if p is a minimal prime ideal then the irreducible set
V (p) is maximal (among irreducible subsets of Spec(R)).

We saw in Lemma 2 that closed irreducible subsets of Spec(R) must be of the form V (q)
for primes q. Since prime ideals are radical we have

V (q) ⊇ V (p)⇒ q ⊆ p,

which for minimal p is impossible unless q = p.
In conclusion, if p is a minimal prime then V (p) is not contained in any strictly larger

closed irreducible subsets of Spec(R). This as the desired conclusion, so we’re done. �

Another result discussed very briefly in class was as follows.

Proposition 3. A noetherian ring has finitely many minimal prime ideals.

Before going into the proof, recall that if R is noetherian then Spec(R) is noetherian as a
topological space. To make use of this, we need some preparatory observations. First:

Lemma 4. Let X be a topological space. If X is a finite union of closed irreducible subspaces
then it has finitely many irreducible components.
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Proof. Let X =
⋃n

i=1 Fn be a finite union of closed irreducible subsets Fi ≤ X. Then, every
irreducible closed subset F ⊆ X is a union

F =
n⋃

i=1

(F ∩ Fi)

of closed subsets. The irreducibility of F means that F ∩ F1 = F or

F =

n⋃
i=2

(F ∩ Fi).

In the latter case we repeat the procedure, until we find some i such that F ∩ Fi = F But
this means that F ⊆ Fi, so the maximal irreducible sets are among the Fi. This proves that
indeed there are finitely many maximal irreducible sets. �

Next, we have

Lemma 5. A noetherian topological space has finitely many irreducible components.

Proof. According to Lemma 4 it is enough to show that X is a finite union of irreducible sets.
Or equivalently, to show that if this is not the case then X cannot be noetherian.

Since we are assuming X is not a finite union of irreducible closed subsets, it cannot be
irreducible: X = F0 ∪ F1 for proper closed subsets Fi ⊂ X. Next, since, once more, X is not
a finite union of irreducible subsets, one of the sets Fi must be reducible. Without loss of
generality say it’s F0. We then have

F0 = F00 ∪ F01

for proper closed subsets F0i ⊂ F0.
Now repeat the procedure ad infinitum. We will have an infinite strictly descending chain

X ⊃ F0 ⊃ F0i ⊃ · · · of closed sets, contradicting the noetherianness of X. �

Finally, we have

Proof of Proposition 3. We know from Proposition 1 that the minimal primes are in bijection
with the irreducible components of the spectrum, for any commutative ring whatsoever.
It thus suffices to show that when R is noetherian Spec(R) has finitely many irreducible
components. This, however, follows from Lemma 5 together with the result that

R is noetherian ⇒ Spec(R) is noetherian.

This finishes the proof. �


