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Homework 7

Let H ≤ G be a finite-index inclusion of groups. We defined a natural transformation

CoriH→G : H i(H,−)→ H i(G,−)

of cohomological δ-functors GMod→ Ab as the unique extension of the natural transformation

(−)H = H0(H,−)→ H0(G,−) = (−)G

defined, for a G-module M , by

MH 3 m 7→
∑
i

sim ∈MG

for a set {si}[G:H]
i=1 of representatives for the left cosets G/H. The first problem is a version of

[1, Problem 9.32].

Problem 1. Let K ≤ H ≤ G be group inclusions of finite index. Show that we have a natural
isomorphism

H0(K,−)

H i(H,−)

H i(G,−)

Cori Cori

Cori

∼=

of cohomological δ-functors.

The analogue of Cori : H i(H,−) → H i(G,−) for finite-index H ≤ G in homology was
restriction:

ResG→Hi : Hi(G,−)→ Hi(H,−).

For i = 1 we have

H1(Γ,Z) ∼= Γab := Γ/[Γ,Γ],

and we called the resulting morphism

V : Gab → Hab

the transfer morphism (see [1, §9.6]). We also defined the transfer morphism directly, without
appealing to homology. We’ll recall that definition and give an alternative proof that it is
indeed a morphism and independent of the various choices involved.

Let n = [G : H] be the index. Recall that for a set {si} of representatives for the left cosets
G/H and every element g ∈ G we have

gsi = sσihi (1)

for some permutation σ of {1, · · · , n} and some elements hi. Then we said that V acts as

Gab 3 class of g 7→ class of
∏
i

hi ∈ Hab.

The problem with this is that
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• it’s not immediately clear it is a definition (i.e. only depends on the class of g in Gab
rather than on g itself);
• it’s not clear it is independent of the set {si};
• it’s not clear it is a morphism.

So in other words, the only thing wrong with the construction is everything. Here, we’ll walk
through one possible way of addressing all of the issues that bypasses homology.

Abusing notation slightly, we’ll refer to the map G → Hab sending g to the class of
∏
i hi

by V again (the domain is now G rather than Gab, so we at least know V is well defined).

Definition 1. A character of H is a group morphism χ : H → S1, where S1 denotes the
multiplicative circle group of modulus-1 complex numbers.

Characters automatically factor through the abelianizationH → Hab (because their codomain
S1 is abelian) and they form a group under pointwise multiplication.

If H is abelian we write Ĥ for the Pontryagin dual (or just ’dual’, for short) group of H. �

A character χ gives an action of H on C (with h ∈ H acting scaling C by χ(h)), so you
can regard C as an H-module denoted Cχ.

We can then extend scalars to get a G-module

Mχ := CG⊗CH Cχ
and we denote by

ρχ : G→ Gl(Mχ)

the resulting group morphism from G to the general linear group of the vector space Mχ. In
other words, ρχ(g) is the operator g acting on the G-module Mχ.

Problem 2. In the setup above, show that for every χ : H → S1 and every g ∈ G we have

χ(V (g)) = σ(g) det ρχ(g) (2)

where σ(g) is the sign of the permutation implemented by left multiplication by g on the set
G/H of left cosets.

(2) is kind of cool in its own right (if you like that kind of thing), but we’ll actually use it
to address the three bullet points in the above discussion. Specifically, note that (2) implies

that for every character χ ∈ Ĥab

• χ(V (g)) only depends on the class of g in Gab (why?);
• χ(V (g)) does not depend on the choice of coset representatives si;
• the map

G 3 g 7→ χ(V (g)) ∈ S1

is a morphism.

(these remarks precisely match the three bullet points listed before, in the same order).

Problem 3. Conclude that the map V : G→ Hab defined by

G 3 g 7→ class of
∏
i

hi ∈ Hab

with hi as in (1)

• descends to a map Gab → Hab;
• is independent of the coset representative set {si};
• is a morphism Gab → Hab.
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You already know from the discussion preceding the statement that all of these hold once
you further compose V with arbitrary characters χ : H → S1. To conclude, you’ll need to
argue that characters separate the elements of Hab: for every x 6= y ∈ Hab there is some
character χ with χ(x) 6= χ(y):

Problem 4. Let H be an arbitrary abelian group. Show that the characters of H separate its
elements in the sense of the preceding paragraph.

Remark 2. A different way to phrase Problem 4 would have been: show that the canonical

morphism H → ̂̂
H sending h ∈ H to the morphism Ĥ → S1 defined by

χ 7→ χ(h)

is one-to-one. �

So I am suggesting you’ll need Problem 4 to solve Problem 3.
Finally, I’d like to have at least one other quick application of transfer before moving on

from the topic. First, just to make sure:

Definition 3. A (possibly non-abelian) group Γ is torsion-free if every g ∈ Γ has infinite
order. �

Problem 5. Let Γ be a torsion-free group all of whose conjugacy classes are finite. Show
that Γ is abelian.

To get you started: you may as well assume that Γ is finitely generated by, say, a finite set
S ⊂ Γ (you’ll have to argue why you can assume finite generation). The intersection

H :=
⋂
s∈S

CΓ(s)

of all of the centralizer subgroups

CΓ(s) := {g ∈ Γ | gsg−1 = s}
is then a central finite-index subgroup of Γ (prove this!). You can now consider the transfer
V : G→ H (remember that the transfer to a central subgroup has a very special form).
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